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ON THE DIRICHLET SPACE FOR FINITELY CONNECTED REGIONS

KIT CHAK CHAN

ABSTRACT. This paper is devoted to the study of the Dirichlet space Dir(G)
for finitely connected regions G ; we are particularly interested in the algebra
of bounded multiplication operators on this space. Results in different direc-
tions are obtained. One direction deals with the structure of closed subspaces
invariant under all bounded multiplication operators. In particular, we show
that each such subspace contains a bounded function. For regions with circu-
lar boundaries we prove that a finite codimensional closed subspace invariant
under multiplication by z must be invariant under all bounded multiplication
operators, and furthermore it is of the form p Dir(G) , where p is a polynomial
with all its roots lying in G . Another direction is to study cyclic and noncyclic
vectors for the algebra of all bounded multiplication operators. Typical results
are: if f € Dir(G) and f is bounded away from zero then f is cyclic; on the
other hand, if the zero set of the radial limit function of f on the boundary has
positive logarithmic capacity, then f is not cyclic. Also, some other sufficient
conditions for a function to be cyclic are given. Lastly, we study transitive op-
erator algebras containing all bounded multiplication operators; we prove that
they are dense in the algebra of all bounded operators in the strong operator
topology.

1. INTRODUCTION

Let G be a domain in the complex plane C. The Bergman space B(G) is
the Hilbert space of functions f analytic in G such that |f |2 is integrable with
respect to the area measure d4 on G; the norm in this space is given by

W12 6, = /G /1P dA.

The Dirichlet space Dir(G) for the domain G is the Hilbert space of functions
f analytic in G whose derivative f* lies in B(G). Fixing a point w in G,
we define a norm for Dir(G) by

oy =)l + [ 17 dd = f )+ 1S T
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A function f analytic in G is in Dir(G) if and only if the area (counting
multiplicity) of f(G) is finite. Of course, the value of the norm depends on the
fixed point w in G. However, the norms obtained by fixing different points
are equivalent; see, for example, Proposition 6 of [BrSh].

In case G is the open unit disk D centered at the origin, the functions f in
Dir(D) have a power series representation; f(z) = Y- a,z". The norm of
Dir(D) can be taken as

1S Ipircsy = £ (O) + /D \fPdA=la,f +a nla,)’.
n=1

If f isin Dir(D), then > |an|2 is finite and hence f is also in the Hardy space
H*. In particular, the radial limit function of f is defined almost everywhere
on the boundary 0D of D. The polynomials are dense in Dir(D); in fact the
partial sums of the series for f converge to f in the norm topology. One can
also check that if f € Dir(D) then zf € Dir(D).

A function ¢ analytic in G is said to be a multiplier for Dir(G) if ¢ Dir(G)
c Dir(G), that is ¢f is in Dir(G) if f is in Dir(G). By M(Dir(G)), we
denote the algebra of all multipliers for Dir(G). Every multiplier will automat-
ically induce a linear transformation M,: Dir(G) — Dir(G) defined by

M,f=¢f, for all f in Dir(G).

One can show that M, is a bounded linear operator; this follows from the
closed graph theorem and the continuity of the linear functionals of evaluation
at points in G. We call M, a multiplication operator. Since Dir(G) contains
constant functions, the multipliers are functions in Dir(G). Also we know that
a multiplier is necessarily bounded in G (see [DuRS, Lemma 11]). We have
an inclusion relation: M(Dir(G)) ¢ Dir(G) n H*(G), where H™(G) denotes
the algebra of all bounded analytic functions in G. In case Dir(G) C B(G),
every function analytic in the closure of G, denoted by G, is a multiplier for
Dir(G) .

We call a circular domain any domain that is obtained by removing a finite
number of disjoint closed subdisks (some perhaps of radius zero) from the open
unit disk. If G is a (nonempty) finitely connected domain in C, there exists a
conformal mapping ¥ of G onto some circular domain Q. We can choose y
so that the composition map C,: f — fouy is an isometry from Dir() onto
Dir(G) . We shall consider circular domains . Without loss of generality, we
assume that each removed closed subdisk has positive radius because otherwise
the removed disk is just a point and it is a removable singularity for all the
functions in Dir(Q). Since Dir(G), M (Dir(G)), H™(G) are all preserved by
conformal maps, those results using only these concepts are valid in arbitrary
finitely connected regions.
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In this paper, we shall add and multiply functions defined on different do-
mains. Without further comment, the domain of the sum or the product will
be taken to be the intersection of the domains of the summands or the factors.

2. PRELIMINARIES

In this section, we set forth some preliminaries that we shall need later. We
begin by looking at the Dirichlet space Dir(G) for an open connected set G in
C. It is easy to show that in case G is bounded, Dir(G) is contained in B(G)
if and only if z is a multiplier for Dir(G). There are some other equivalent
conditions; see [AxSh]. Consider the following property.

If weG, feDir(G) and f(w) =0, then f(z)/(z - w) isin Dir(G).

We remark that if Dir(G) C B(G), then Dir(G) has the above property. The
converse is true when G is bounded. These follow from simple computations.
It is well known that if z is a point in G and »n > 0 is an integer then the
linear functional 4, ,: f — f”)(z) is norm continuous on Dir(G).

Lemma 2.1. If K is a compact subset of G and n > 0 is an integer, then there
exists a constant C = C(n, K) > 0 such that for all z in K and all functions

[ in Dir(G), 1f"(2)] < Cll flpigee) -
Proof. Apply the principle of uniform boundedness to the family of bounded
linear functionals 4, ,: f — F"(z), where z isin K. O

The analogue of this result is also true for Bergman spaces.

Lemma 2.2. If K is a compact subset of G and n > 0 is an integer, then there
exists a constant C = C(n, K) > 0 such that for all z in K and all functions

f in B(G), |f(")(2)| < C”f”B(G)‘

Fix 0 < R < 1. From now on we shall use the following notation.

Notation. Denote # ={ze€C: R<|z|} and & ={z€C: R<|z] < 1}.

The following two lemmas establish some basic facts about the Dirichlet
spaces and the Bergman spaces for these two regions. The proofs follow from
direct calculations using Laurent series, and they are omitted.

Lemma 2.3. Let f(z) = E::w anz" be a function analytic in & . We have
the following.
() If f isin Dir(#), then a, =0 for n >0 and

-1
1 3oy =7 > Inlla,’R".
n=—o00
(2)If f isin B(#), then a, =0 for n> -1 and

-2
2 -1 2 n2(n+1)
”f”a((;f)=7t Z |n+1| |an| R " -

n=—00
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(3) If f is in Dir(#), then f/z is also in Dir(#) and f]z* isin B(Z#).

Lemma 24. Let f(z) = Z:iw a,z " be a function analytic in &/ . We have
the following.
() If f isin Dir(&/), then

2 2 2
“fI”B(,q/) = ”Z”|an| (1-R™

n#0

(2) If f isin Dir(¥), then zf is in Dir(&/). (Equivalently, Dir(%/) C
B().)
(3)If f isin B(%), then

-1

2 -1 2
1 5y =7 > (n+ D)7 g, (1= R"") + 2zja_ [ log(R™).

n#—1

Without further comment, we shall apply the results (with the corresponding
modifications) in Lemmas 2.3 and 2.4 to the Dirichlet spaces for regions that
can be obtained by translating, shrinking or enlarging &/ or % .

We shall use the following definition throughout this paper.

Definition. Let g(z) = 5./ b (z —{)" be a Laurent series about the point

n=—oo n
(. For 0<t<1,wedefine g,(z) =yre bntl"‘( -O".
In case g(z) = Y.oo,b z" is an analytic function in D, then g,(z) = g( z)

n=0"n
is a function analyticin (" 'D={z€eC:|z| <t '}. If g(z Z;__oo AT
a function analytic in &, then g(z) = g(t_lz) is a funcnon analytic in {z €
C:|z| > tR}. Also, if h(z) = Z:iw anz is analytic in %/ , we can apply the

Cauchy integral formula to write & as h = h, + h, , where hy(z) = pp -0 anz

is analyticin D and h,(z) = Z_' a_z" is analytic in % . By our definition,

n=-—0oo n

we have h, = (hy), + (h)),, and so h, is analytic in {z € C: {R < |z| < 'y
Consequently, 4, € M(Dir(%/)). On the other hand it is easy to see, by using
Lemma 2.3, that if f isin Dir(%) then f isin Dir(&#). Using the previous
lemmas, one can prove that if f is a function in Dir(G) where G denotes
either D, & or & , then f, — f in the norm topology as ¢ 1 1. This is also
true if we replace Dir(G) by B(G).

If u(z) = Zn 0unz is a function analytic in D, then v(z) = u(R/z) =
Zn 0 "(R/z is a function analytic in % . Furthermore, u € Dir(D) if and
only if v € Dir(#), and also u € M (Dir(D)) if and only if v € M(Dir(%)).

/ /
In fact ||u']lgp =1V llp4)

3. SUM AND PRODUCT OF FUNCTIONS

Let G be an open connected set in C. We use H(G) to denote the algebra
of all analytic functions in G and H*(G) to denote the algebra of all bounded
functions in H(G). In case G is unbounded, H (G) denotes the space of all
functions in H(G) that vanish at oco.
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Throughout this paper we shall use the following notation concerning a gen-
eral finitely connected circular region.

Notation. Let Q = D\(D; UD, U---UDy) where D, = {z:|z- (]| < r}
(i =1,..., N) are disjoint closed subdisks of the open unit disk D. Fix
a sufficiently small positive number 7 so that n < inf{dist(dD,, 0D;): 0 <
i,j<N,i#j} (where Dy =D). Let Ty = {z:]z|=1-2""p} and T, =
{zelz =l =1+ 27"y} (1 < i< N) be circles lying in Q and concentric to
the boundary circles of Q. By Int(I';) and Exy(I';) we denote the bounded
and unbounded components of C\I', respectively. We let 4, = Ext(I'j)) N Q
and 4, =In(I',)NQ (i=1,..., N). Weremark that 4, (i=0,..., N) are
annuli in Q. Finally, we denote Q, =C\D, (i=1,..., N).

An application of the Cauchy integral formula shows that if f is in H(Q),
then we can write f = f, + f, +---+ f,, where f, € H(D) and f, € Hy(Q,).
This is also true for bounded analytic functions; it is proved in [ChPS] that

H®(Q) = H®(D)+ Hy (Q)) + -+ Hy ()

where H0°° (Q)=H °°(Q,.) N Hy(;). The next theorem tells us a similar de-
composition phenomenon for the Dirichlet spaces.

Theorem 3.1. Dir(Q) = Dir(D) + Diry(Q,) +- - - + Dir (), where Dir,(Q,) =
Hy(Q,) N Dir(Q,).

Proof. For notational simplicity, we shall only prove the result for the case N =
2.1If h isin Dir(Q), then h = hy+ h  + h,, where hy € HD), h, € Hy(Q,),
(=1, 2). We must prove that 4, € Dir(D) and 4, € Dir(Q,).

To show that A is in Dir(D), we prove that |h(')|2 is integrable with respect
to the area measure d4 on A4, and D\A, separately. On 4, both h'l and
h; are bounded and so they are square integrable. By our assumption 4’ is
square integrable over 4, and so is h6 =h - h'l — h’2 . On the other hand, h(')
is bounded on D\4,), it is square integrable.

We now show that 4, € Dir(Q,) and it will follow from the same argument
that 4, € Dir(Q,). We write, for z in Q,, h (z) =32 a,(z-¢,)™". So
h(z)=—(z —Cl)_2 oo na,(z— Cl)_""Ll . We denote g(z)=—(z— Cl)zh;(z) .
Since limg(z) = a, as |z| — oo, g is bounded on Q \4,. Let |g(z)| < M
on Q\4,.

/ |h;|2dA <M // r>drd®, which is finite.
QI\AI Q]\Al

It remains to show that | is square integrable over 4, . This is obvious because
hy = h' — hy — h;, both hy and A, are bounded on 4,, and 4’ is square
integrable over A, .

Conversely, if g, € Dir(D) and g, € Dir(Q,) (i = 1,2) then g, g, &
are all square integrable over Q andsois g' =g, + g +&,. O
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Not only is the decomposition theorem valid for the Dirichlet spaces, it is
also valid for their algebras of multipliers.

Theorem 3.2. M (Dir(Q2)) = M(Dir(D)) + M,(Dir(Q,)) + --- + M,(Dir(Q,)),
where M (Dir(Q,)) = Hy(Q,) N M(Dir(Q,)) .

Proof. We shall only prove the result for the case N = 2. We first show that
M (Dir(£2)) is contained in the direct sum

Let ¢ € M(Dir(Q)), so ¢ € H*(Q) N Dir(Q). By Theorem 3.1, ¢ has
a decomposition ¢ = @, + ¢, + ¢,, where ¢, € Dir(D) and ¢, € Dir(Q,)
(i=1, 2). We must show that ¢, € M(Dir(D)) and ¢, € M(Dir(Q,)).

Let f, € Dir(D). We want to show that ¢/, is in Dir(D). Clearly its
derivative (¢,f;)" is square integrable over Int(T, ) To show that (¢,f;) is
square integrable over A, we write (@, fo) (¢ fo (¢ fo - (9, fo)’ and use
the fact that Dir(D) is contained in B(D).

Next we want to show that ¢, € M(Dir(Q,)) (i = 1,2). It is enough
to consider the case { = 1. Let f, € Dir(Q,). Note that f is square in-

1
tegrable over A, and by Lemma 2. 4 f, 1s also square integrable over 4,

and so is (¢ f1 = (/) — (6o/;) — (8,1,)". We observe that (¢,/,) =
é, f' + ( ¢ ( Cl)_2 /. Clearly the first term on the right-hand side
is square 1ntegrable over Exy(I';). By Lemma 2.3, (z -, )_2 f, is square inte-
grable over Ext(I')). Since ¢, vanishes at oo, the Laurent series for ¢, at (,
has no constant term; one can show that (z—(, )2<15'l (z) is bounded on Ext(T')).
Hence (¢,/,)" is square integrable over Ext(I)).

The converse can be proved by a similar method. We omit the details. O

The next proposition establishes the fact that Dir(Q) c B(Q2).

Proposition 3.3. The function z is in M(Dir(€2)).

Proof. Let [ € Dir(Q). Clearly (zf) = zf + f is square integrable over
Q\(4,U---UAy). By Lemma 2.4, it is also square integrable over A4,, ..., 4y .

The direct sum decomposition of functions f in H(Q) allows us to define
f; (0 <t < 1) as an extension of our definition for Laurent series.

Definition. Let f = f, + f, + - + f, be the unique decomposition of f in
H(Q), where f, € H(D) and f; € H)(Q;). We define f, = (f), + (),

(fN),
Of course if f € Dir(Q), then f — f inthenormas ¢11.
We shall use the following notation throughout the rest of this paper.

Notation. Fixing a point w, in Q, we define the norms for different Dirichlet
spaces:

A7 = 1f(wo)l* + folf17dA  for f in Dir(Q),
1A1s = 1 f(we)l* + fy|f1°dA  for f in Dir(D),
AU = 1/ (wo)* + Jo ISP d4 for f in Dir(,) (1 <i<N).
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Proposition 3.4. There is a positive constant C such that if f, € Dir(D), f, €
Dir(Q;) (1 <i< N) and f = ff, - fy is the product function, then | f| <
CllRMMA - Nl -

Proof. To estimate f9|f|2dA, we write Q = KUA,UA4, U---UAd, where
K is a compact set, and estimate the integral over each subregion. One might
use the fact that the linear map of multiplication by (z — Cm)_2 is a bounded
operator from Dir(Q,,) to B(Q,) (see Lemma 2.3). We omit the details. O

4. CONVERGENCE PROPERTIES
The main result in this section is the following: if ¢ € Dir(Q) N H*(Q),
f € Dir(Q) and ¢f € Dir(Q), then ||¢,f —¢f|| — 0 as ¢ 1 1. This result
will be used repeatedly in the later sections. One corollary is that the operators
of multiplication by rational functions with no poles in Q~ are dense in all
multiplication operators in the strong operator topology (abbreviated SOT).

Lemma 4.1. For feDir(¥), ze& and 0<t <1, we have
2 | —t)z| |z| — tR 2
- <
1)~ 2 < " (1og =121 + 10 EL =) 1705,
Proof. Let f(z) =Y.' a z" e Dir(%). By the Cauchy-Schwarz inequality

n=—00 n
and Lemma 2.4, we see that

1f(2) = f(2)* < (Zw Plnl|1 - 2"|)

n#0
% Elnl—l'l _R2n|~—l(l _tln|)2|2|2n
n#0
-1 2 -1 -1 2,2
<0 My (Eln! 1= R (1= "] )
n#0

We first estimate the terms with positive powers.

S =R A= < (=R ST (=2

n>0 n>0
= (1 - R*)™{log(1 — |zt) — log(1 — |2|)} .

Similarly we can show that

I 2 2
I — "z

n<0
< (1 - R*)™'{log(|z| - Rt) —log(|z| - R)}. ©
Lemma 4.2. For f €Dir(%/), R"> <1< 1 and Ri™" <|z| <1, we have
1£(2) = f(2) <a7'(1 - R*) ™ (log2 +log(1 + R™*) /"5,
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Proof. The maximum value of |f(z) — f,(z)|2 is attained on the boundary. O

By Theorem 3.1 (with Q = &/ ), every function 4 in Dir(2/) can be written
as h = hy+h, , where hy € Dir(D) and h, € Diry(%). Furthermore there exist
positive constants C;, and C, depending on R such that

! ! !
1020 Ny < Collh' gy and 1)) g gy < CyIA N1

Lemma 4.3. There exists a positive constant C a’ependzng on R such that if f,
g arein Dir(&) and R <t <1, then

/ 1F = 1P 1P dA < CIE N I8

Proof. Let f(z) = }:n__oo anz and g(z) = En__oo b"z be functions in
Dir(%/) and R <1< 1 (so, R<R/t<t<1).

Throughout this proof, C will denote a constant which depends only on
R, however it may represent different values as the proof goes along. We can
rewrite the left-hand side of the inequality in the statement of the lemma as

2rn 1
(4.1) /O/le—f,lzl(g,)'lzrdrdﬁ

) (/02” /RR/’+/02" /,;,*/02”/11> \f = £7)(g) ’rdrdd.

It follows from Lemma 4.2 that the second summand above is bounded by
an expression in the form of the right-hand side of the inequality. Next we
show that the same is true for the third summand

Let g,(z) = Z" 0bnz and g,(z) = Zn__oo bnz and for R<r<1,let

2n
a(r)=/0 1(g,) ( y re'e |2d0—27r2|b |2 2,

n=1
Then a(r) is an increasing function of r and so,

2n
(r)/ sds</ a(s) sds—// (&) ( se'e)lzsdBds

Thus, if R<r<1,then a(r)(1-r)(1+7r)/2 <(g) ||B(.Q/). Hence,

2n / 10 2 -1 1,2
| tte) 1 e a0 < 2650 =071 I
On the other hand, by Lemma 2.2,
2 2 2
Max{|[(g,),]'(2)]": < |z < 1} < C Cl1€ I3
Hence,

2n
/0 I(g,) (re" ) d6

2n 2n
- / L(g,), ] (re) > d6 + / gy, ] (re) > do
0

<C(l-rt) ||g ||3(.c/)
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Together with Lemma 4.1, this implies that
2n 1 ) /2
[ [ 1= sPie) Praras
t

1
< CIf gy 18 Wpory { / (1—rt)" log[(1 = rt)(1 = )" '1dr

+/l(1 —rt)" log[(r — tR)(r — R)"]dr} .

It remains to show that the last two integrals are bounded by a constant which
depends on R only. The first one is bounded by 2log2 (see [Shie, Lemma 3]).
For the second one, we can make trivial estimations.
For the first summand of the equation (4.1), we let
-1

2n .
b(r)=/0 |(g|)'(re'0)|2d0=2n Z |bn|2n2r2("_l),

n=-—00

and we proceed similarly. We leave the details to the readers. O

Lemma 4.4. Suppose f, g € Dir(&/), then

. 2 2
th f = £PI(g)PdA=0 ast11.
Proof. We first note that the lemma is true if f is a polynomial in z and 1/z.
This is because f, — f uniformly on the closure of & .
Let ¢ > 0, we choose a polynomial p = p(z, z") (a polynomial in z and
z7") such that ||f’ —'llgw) <& Let k= f—p. By the triangle inequality,

IS = £)(8) pgery S 1@ = 2)(8) llggary + 1A =)&) | piar) -
Now our result follows from Lemma 4.3. O

Lemma 4.5. If g € Dir(D) and h € Dir(%#), then

lim (|[(gh), — &A1 gy =0 ast1l.
Proof. By the triangle inequality, we have
Ii(gh)] = 1&g | s < L&A, = [&h] Il gy
+Itghl — L&, || or, + L&, hY = (8] 1 par -
Clearly the first summand goes to zero as ¢ T 1. The third summand is bounded
/ li
by ”(g,) (h_ht)llg(y)'i'”g,(h_h,) ”B(y) . By Lemma 4'4’ ”(g;)/(h_h,)llg(y) -0
as t 1 1. For the second term, we note that g,(z) is bounded on R < |z| <

(1+R)/2 and apply Lemma 2.1 to h(z) —h(z) on (1+R)/2<|z|< 1.
The second summand can be shown to go to zero by a similar method. O

If f, g arein Dir(&/), then we can write f = f, + f,, g = g, + g, where
Jo» & arein Dir(D) and f,, g, arein Dir(Z%). Notice that

(4.2) (f8),— /18 = (/o&), + (f18), — (Jo)(8)), = (/1),(8&), -
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The following lemma will be generalized in Theorem 4.7. However it is a
useful tool in proving that.

Lemma 4.6. Suppose g € H*(«/)NDir(&/), f € Dir(#) and gf € Dir(«).
Then
Iig,/ — &/1llgery— 0 asttl.

Proof. Applying the triangle inequality, we have
108, S — 8/ Nl < &S = ) g0y
+1l&.f; = (€N gy + I(8S), = 8T g -

It is clear that the first and third summand go to zero as ¢ ] 1. For the second
summand, we can use (4.2) and Lemma 4.5. O

Suppose X is a Banach space and 7T is a bounded linear operator on X .
A closed subspace M of X is said to be an invariant subspace for T if
TM C M. For g € Dir(Q), we let [g] denote the smallest closed sub-

space containing g and invariant under M., Ml/(:—c.)’ e M]/(_,_;‘). If
w is a function analytic in Q~ then it is a uniform limit of polynomials in
z2,(z=¢) 7 . (z=¢y) 7 . So wfelf]if feDINQ).

Theorem 4.7. If ¢ € H*(Q)NDir(Q), f € Dir(Q) and ¢f € Dir(Q), then
¢ f —¢fll—0ast11,and ¢f€[f].
Proof. We must show that

LK@f—¢ﬂTdA~O ast11.

We write Q = KUA,U---UA, where K isa compact set. It follows from
Lemma 2.1 that the integral over K goes to zero as ¢t 1 1. For the integrals
over the annuli, one might use the decomposition ¢ = ¢, + ¢, +---+ ¢, where
¢y € H® (D) N Dir(D) and ¢, € Hy (Q,) N Dir(Q,) (1 < i < N). Now the
theorem is an easy consequence of Lemma 4.6. O

Theorem 4.8. {M : ¢ € M(Dir(Q))} = SOT-closure of {M,:reZ}, where &
is the set of all rational functions with poles only at {,, ..., {y .

Proof. Let {r .} C & beanetsuchthat M, — T (SOT) where T is a bounded

operator on Dir(Q). Let v = T1, where we use 1 to denote the constant

function of value 1. So for all z € Q, |r (z) — w(2z)] — 0 and similarly if

feDir(Q), |r(2)f(z) = (Tf)(z)] = 0. Hence (Tf)(z) = (y/f)(z) in Q.
The converse is a corollary of last theorem. O

5. CYCLIC VECTORS

A vector in a Banach space is said to be a cyclic vector for an algebra of
(bounded linear) operators on the space if the only closed subspace containing
the vector and invariant under all operators in the algebra is the whole space.
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If the algebra is generated by a single operator, then the vector is said to be a
cyclic vector for that operator. In what follows, we say that a function g €
Dir(&/) or g € Dir(Q) is a cyclic vector when it is a cyclic vector for the
corresponding algebra of all multiplication operators. Also by &, (k > 1) we
denote the set of all complex polynomials of & variables, and by & we denote
iz, (z=¢)" o (2= Hip isin &, ).

It is clear that g € Dir(Q) is cyclic if and only if [g] = Dir(Q) and that &
is dense in Dir(Q). We remark the following.

Remarks. For pe &% and f, g € Dir(Q),

i) pl/1C /1.

(i) If ge€[f], then [g] C [f].

(iii) If g € [f] and [g] = Dir(Q), then [f] = Dir(Q).

(iv) [f]=Dir(Q) if and only if 1 € [f].

(v) [f1=Dir(Q) if and only if there exists a sequence {p,} in & such that
pf — 1 in norm.

(vi) [f] = Dir(Q) if and only if there exists a sequence {p,} in & such
that p, f — 1 weakly.

(vii) [f] = Dir(Q) if and only if there exists a sequence {p,} in & such
that p,(z)f(z) — 1 forall z in Q, and ||p, f]| < constant.

We remark that (i) follows directly from the fact that p € M(Dir(QQ)). It is
clear that (i) implies (ii) and (ii) implies (iii). Since & is dense in Dir(Q),
[1] = Dir(Q) and now (iv), (v) and (vi) follows from (iii). Lastly (vii) is a
straightforward application of a corollary in [BrSh, p. 272].

If a function f in Dir(Q2) vanishes at a point z, in Q, then [f] # Dir(Q).
On the other hand, if |f| is bounded below in some sense then f has a chance
to be cyclic. The analogue of next theorem for the case of the unit disk is
contained in [BrSh]. With slight modifications, the proofs there also work for
our situation and they are omitted.

Theorem 5.1. Let [ € Dir(Q), g € H®(Q) N Dir(Q), and ¢ € M(Dir(Q)).
We have the following.

(1) @f is cyclic if and only if both ¢ and [ are cyclic.

(2) If |g(2)| < |f(2)| in Q and g* is cyclic then [ is cyclic.

(3) If |9(2)| < |f(2)| in Q and ¢ is cyclic then f is cyclic.

(4) If g2 is cyclic then g is cyclic.

(5) If fe€ H®(Q)NDir(Q) and fg is cyclic then f and g are both cyclic.

Corollary 5.2. If f € Dir(Q) and there exists a positive constant C such that
|f(2)] > C in Q, then f is cyclic.
Proof. Take ¢(z) = C in the result (3) of Theorem 5.1. 0O

We know that Dir(D) and Dir(2) are both closed under multiplication by

z . In order to indicate the underlying Hilbert space that a multiplication oper-
ator is acting, we write (M, Dir(D)) and (M, Dir(Q2)) to distinguish the two
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operators of multiplication by z acting on Dir(D) and Dir(QQ) respectively.
Similar notation will be used for other multiplication operators.

We have shown that if f, € Dir(D), f; € Dir(,), then the product function
f = fofi---fy is in Dir(Q). The proposition that we are about to prove
establishes the fact that the product of cyclic vectors is again cyclic.

Proposition 5.3. Suppose f, € Dir(D) and f, € Dir(Q;) (1 < i < N). If
fo is cyclic for (M, Dir(D)) and each f; is cyclic for (Ml/(z—C,)’ Dir(Q,))
(1 <i< N), then the product function f = f,f, -+ fy is cyclic.

Proof. Let p, be a polynomial in z and p;, be a polynomial in (z - ()
(1 <i<N). So p, € M(Dir(D)), and P, € M(Dir(Q,)) (1 <i < N).
We let 7, be the norm of the operator of multiplication by Mp’ on the corre-
sponding Dirichlet space (0 < i < N). By repeated applications of Proposi-
tion 3.4 (for different finitely connected regions), there exist positive constants

-1

C,,GC,, ..., Cy independent of p,, f; such that
“pf_ l” < CN'IN_l ""70“fN_|“N_1 “fo“o“prN - l“
+ CN_1’7N_2 e '70“fN_2”N_2 T ”fo”()“pN_]fN_[ - l” +o+ llpof;) - 1” .
We can choose p;, ..., py so that the right-hand side of the inequality above

is as small as we like. Our result follows from Remark (iv). O

We have known, from Corollary 5.2, that if g is analytic and nonvanishing
on Q ,then g is cyclic. Up to now we do not know what happens if g does
vanish at some points on the boundary. We remark that u(z) € Dir(D) is cyclic
for (M_, Dir(D)) if and only if v(z) = u(R/z) is cyclic for (Ml/_, , Dir(#)) .
Lemma 5.4. If p = p(z) is a polynomial in z and p has no roots in Q, then
p is cyclic.

Proof. Factorize p = p,p, ---p, where p, is a polynomial in z, p, has all its
roots lying in C\D and p; has all its roots lying in D; . We know that p, is
cyclic for (M_, Dir(D)) (see [BrSh, p. 289]).

Fix N >i> 1. We may assume p; is monic and let p,(z) = (z—a)) - (z—
a,) where |a,— (| <r, (1<j<k). Let b,=a;-¢ (1 <j<k).

The polynomial s(z) = (r, = b,z)---(r;, — b, z) has no roots lying in D, and
hence it is cyclic for (M, Dir(D)). Since s(r;/(z—(;)) = rll.‘Mlk/(z_C P and so,
p; is cyclic for (Ml/(z—c) , Dir(;)) . Our lemma is now an easy cbnsequence
of the last proposition. 0

Theorem 5.5. If [ is analyticon Q™ and it has no zeros in Q, then f is cyclic.

Proof. We have f = pg, where p is a polynomial with no zeros in Q and |g|
is bounded away from zero in Q. The polynomial p is a multiplier and it is
also cyclic. The result follows from Theorem 5.1 and Corollary 5.2. O

For f in Dir(Q), the following limits exist almost everywhere:
lim f(re"), lim /(¢ + re'y  (1<k <N).
r r I’k
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We define the following zero sets of radial limits for a function f in Dir(Q).

Z,(f)= {eie: limf(reie) =0asri1},
Z(f)={e" limf( +re’)=0asrin} (1<k<N).

We shall prove that if any one of these sets has positive logarithmic capacity,
then f cannot by cyclic. This result can be viewed as a partial converse of
Corollary 5.2. However, it is not known whether f is cyclic if none of these
zero sets has positive logarithmic capacity. This is not clear even for the case
of Dir(D). We require some preliminaries.

Theorem 5.6 (Brown and Shields [BrSh]). If f € Dir(D) and Z(f) = {eioz
lim f (re'e) =0 as r 1 1} has positive logarithmic capacity, then f is not cyclic
Jor (M, , Dir(D)).

Corollary 5.7. If f € Dir(#) and Z(f) = {eioz limf(reie) =0asr | R} has
positive logarithmic capacity, then f is not cyclic for (M, J25 Dir(%#)).

Before we consider the case of a general bounded finitely connected circular
region, we will take a look at a simpler case for the annulus &7 .

Lemma 5.8. If f € Dir(&/), and if Z,(f)U Z,(f) has positive logarithmic
capacity, then f is not cyclic.

Proof. We only prove the case Z,(f) has positive logarithmic capacity. We
define orthogonal projections Q,, Q,: Dir(%/) — Dir(&/) by Q,(h) = h,,
and Q,(h) = h, where h=h,+h,, h,€ Dir(D) and h, € Dir(%).

Let J, = (" € Zy(N): IfO(re'e)I < n,R < r < 1}. These are Borel sets
and Z,(f) = U2, J, . There exists an integer M such that J,, has a positive
capacity. Hence there is a compact set F C J,, and a Borel probability measure
u supported on F, with finite energy integral. This means that

1
1) = [ [ 108 o= du(z) du(w) < oo.

It is shown in the proof of Theorem 5 of [BrSh] that the linear functional
A: Dir(D) — C defined by i(h) =lim,,, Jp h(rw) du(w) is continuous.

Define linear functionals «, 8: Dir(/) — C by

a(h)=liTHll/(Qoh)(rw)d#(w), and ﬁ(h)=/(th)(w)d/t(w)-
r F F

In fact o = A0 @, and so it is continuous. One might use Lemma 2.1 to
show that g is continuous. Let p be a polynomial in z and 1/z, we have,

(a+ A)pf) =lim / (0 f)(rw) dp(w).
r F

Notice that Q\(pf) = Qy(pfy +pf|) = pfy+q where g is a polynomial in
z and 1/z. So Qy(pf)(rw) is bounded for w € J,, and R<r < 1. By the
bounded convergence theorem, (a+ £)(f) =0 and hence f is not cyclic. O
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Theorem 5.9. If f € Dir(Q) and one of the sets Z,(f), Z,(f), ..., Zy(f) has
positive logarithmic capacity, then f is not cyclic.

Proof. We only consider the case Z,(f) has positive logarithmic capacity. Note
that the restriction of f on A, is a function in Dir(4,) and is not cyclic in
Dir(£%,) by the last lemma. One can show that the constant function 1 does
not lie in [f] and hence f is not cyclic. O

6. INVARIANT SUBSPACES

In what follows, by invariant subspace, we always mean a closed subspace of
Dir(Q) which is invariant under all multiplication operators.

If .# is an invariant subspace of Dir(QQ2) and f € .4, then [f] C .# . Let
¢ be a fixed point in Q and /Z = {f € Dir(Q): f(¢) = 0} . Being the kernel of
a continuous linear functional, .#Z is closed. It is obvious that .# is invariant.
As we shall see later, every invariant subspace of codimension 1 is of this form.
We need two lemmas whose proofs are straightforward and are omitted.

Lemma 6.1. Let .# be a closed finite codimensional subspace of a Banach space
. Let T:Z — & be an invertible bounded linear operator. We have the
Sfollowing.

(W) If TAH C M, then T ' M C M.

Q)If TAH C A, then TH =X .

Lemma 6.2. If p(z) = (z —a,)--- (2 — ) is a polynomial where o, € Q, then
(1) pDir(Q) = {f € Dir(Q): f(a,) =--- = f(y) = 0} where in case of zeros
of p of multiplicity larger than one, we require derivatives of appropriate orders
to equal zero.
(2) dimDir(Q)/p Dir(Q) = degp = k.

The following result is a complete characterization of all finite codimensional
invariant subspaces of Dir(Q). A similar characterization for Bergman spaces
was obtained by Axler and Bourdon in [AxBo].

Theorem 6.3. Let .# be a finite codimensional closed subspace of Dir(Q). The
following are equivalent.

(1) zH C A .

(2) (z—a)” " c A for some a ¢ Q
(3) (z—a) l/%—/% for some a ¢ Q
(4) Y\ c# forall a ¢ Q
(5) )/% M forall a ¢ Q .
(6) ol C M forall ¢ in M(Dir(Q)).

(7) A = qDir(Q) where q is a polynomial with all its roots lying in Q.
Proof. We need only to show (1) implies (7). The other implications are obvi-
ous. Suppose (1) is true. Define a linear operator Y: Dir(Q)/# — Dir(Q)/#

Y(f+.4#)= zf+.# . There is a nonzero polynomial g with degree at most

dim Dir(Q)/.# such that ¢(Y) =0, thatis ¢ Dir(Q) Cc /Z .
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Factorize ¢ = ¢,q, where ¢, is a polynomial whose roots lie inside
and ¢, is a polynomial with no roots in Q. By Lemma 5.4, g,Dir(Q) is
dense in Dir(Q). Using the fact that g, is a multiplier, one can verify that
q, Dir(Q) C (9,9, Dir(Q))” = (¢ Dir(Q))” c .# . By Lemma 6.2, we get

dim Dir(Q) /4 < dim Dir(Q)/q, Dir(Q)
= degq, < degg < dimDir(Q)/.# .

Hence ¢ is a constant multiple of ¢, and /# =¢Dir(Q). O

Although the image set of a function in a Dirichlet space has finite area
(counting multiplicity), the function need not be bounded. However, it is a
quotient of two bounded Dirichlet functions. To prove that we require a result
of Nguyen Xuan Uy. Here, we denote C* = CU {0}, the extended plane.

Theorem 6.4 (Nguyen Xuan Uy [Nguyl). If K is a compact subset of C with
positive area then there is a nonconstant function g analytic in C'\K such that
g and g' and bounded.

Theorem 6.5. If G is an open connected subset of C and f € Dir(G), then
there exist g, h € H™(G)NDir(G) such that f = g/h.

Proof. The area (counting multiplicity) of the image set f(G) is finite. There
exists a compact set K in C\f(G) with positive area. By Theorem 6.4, there
is a function p analytic in C*\K such that p, p’ are in H®(C\K). We may
assume p(oo) = 0. The function h(z) = po f(z) is in H*(G)NDir(G). Let
g = fh. It remains to show that g € H(G) N Dir(G).

Since p(oco0) = 0, we write, p(z) = alz_l + azz'2 +--- for large |z|. We
let w= f(z) andso g(z)=wp(w) which is bounded in C*\K . The function
wp'(w) is bounded in C\K andso g’ = f'(pof)+ f(p o f)f isin B(G). ©

Next we want to show that each nontrivial invariant subspace contains
bounded functions, and any two nontrivial invariant subspaces have a non-
trivial intersection. This result suggests the possibility of a description of the
invariant subspaces analogous to that obtained by Beurling for the Hardy space
H? in the unit disk D , and generalized by several authors to finitely connected
regions. However, it is shown in [BeFP] that there exists a family {M,:aeC}
of closed subspaces of B(D) invariant under multiplication by z such that
ManMﬂ={0} if a#p.

Theorem 6.6. If .# and ./ are two nonzero invariant subspaces of Dir(Q),

then # NH>™(Q) # {0}, and # NN # {0}.

Proof. We let f be a nonzero function in .# and let f = g/h where g and

h are in Dir(Q)NH*(Q). By Theorem 4.7, h,f — g as t 1 1 andso g € [f].
We let f,, f, be two bounded functions in .# and ./ respectively. The

product f f, € Dir(Q). As ¢ 11, (f)f, = fi.f,- So 51, € 4, and by
symmetry, ff,€# . O
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7. TRANSITIVE OPERATOR ALGEBRAS

Let X be a Banach space and .#°(X) be the algebra of all bounded operators
on X . An operator subalgebra (containing the identity) & of Z(X) is said to
be a transitive algebra if there is no nontrivial closed subspace of X invariant
under every operator of % . Let k be a positive integer. An algebra & C
Z(X) is said to be k-fold transitive if for any choice of elements x,, ..., x,,
Yys---» Y, In X with x, ..., x, linearly independent, there exists a sequence
{4,}7° C % such that for 1 <i<k,

limiji =y, asj—oo.

In fact # is transitive if and only if % is 1-fold transitive. In [Arve] Arveson
remarked that if & is k-fold transitive for all positive integers k& then % is
SOT dense in .Z°(X). In the same paper he proved that in case X is a Hilbert
space, every transitive operator algebra containing the unilateral shift must be
SOT dense in .Z(X).

By X (k), we denote the Banach space X @ --- @& X (k copies) consisting
of vectors of the form (x,,...,x,), x, € X. Let U:®D, - X (i=1,2)
be linear transformations defined on a vector subspace D, of X. We write
U, c U, if T(U)) c T(U,) where I'(U,) denotes the graph of U,. If & is a
subalgebra of .Z(X) and U:® — X is a linear transformation, we say that
U commutes with € if for every B in &, BU C UB.

Theorem 7.1 (Arveson [Arve]). Let X be a Banach space and € be a transitive
subalgebra of & (X). Then € is not 2-fold transitive if and only if there exists a
closed densely defined, nonscalar linear transformation that commutes with € .

Let k > 2, and suppose € is k-fold transitive but not (k + 1)-fold transitive.
Then there exist k linear transformations T, ..., T, defined on a common
domain D, such that

(1) each T; commutes with &,

(2)no T; is closable,

(3) {(x, T,x, ..., T,x): x €D} is a closed subspace of X"**".

We shall prove that if & c Z(Dir(Q)) is a transitive operator algebra and #

contains all the multiplication operators then % is SOT dense in £ (Dir(Q)).
We need to show that % is k-fold transitive for all kK > 2. If y is a function
defined on Q, we define the vector subspace (M,) = {f € Dir(Q): yf €
Dir(Q2)} to be the domain of the linear transformation of multiplication by v .
In fact y € M(Dir(Q)) if and only if D(M ) = Dir(Q).
Lemma 7.2. Let % be a subalgebra of 2 (Dir(Q)) containing {M,: ¢ €
M(Dir(Q))} and let T,,...T,: D — Dir(Q) be k linear transformations de-
fined on the vector subspace ® of Dir(Q). Suppose each T, commutes with €
and M = {(f, T,f,..., T.f): f €D} is closed in Dir(Q)"**". Then there
exist u; and v, in H®(Q)NDir(Q) such that T, C M, , where ¢, = u /v,
(1<i<k).

’
1
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Proof. We shall show that for all f, 4 in D, T.flf= Th/h (1<j<k),
and hence if we let ¢ = ij/f then ¢, is independent of f and ij = ¢jf.
By Theorem 6.5, ¢ i is a quotient of functions in H*°(Q) N Dir(Q).

Jio N

f=_’9 and sz_;j (IS.]S.k)’
S0 b
h h

h=-"2%" and Th=-2L (1<j<k),
h2,0 / h2]

where f, ;, f, ; and h, ;, h, ; are in H(Q)NDir(Q). We let

§=J{2,of;,1"'ff2,khl,0h2,1"'hz,k’
and
=Nl fakha ol bk
Note that £, n € Dir(Q) and &f = nh. We shall show that T,(¢ NIES =

Tf/f and by symmetry, (nh)/nh = Th/h and hence Tf/f Th/h
The functions &f, ¢T, f, ..., &T, f arein H°°(Q) N Dir(Q). By hypothesis,

<§[f9 T|(é,f)v crt Tk(é,f)) = (é,fﬁ {1(T|f)’ s ét(ka»

isin M. As ¢ 11, ittends to ({f, (T, f),...,E(T,[)). Since M is closed
in Dir( @), ¢f €D and &(T,/) = T,¢/). O

Theorem 7.3. If & C £ (Dir(Q)) is a transitive operator algebra and € con-
tains M, Ml/(z—c.)’ , Ml/(z—cN)’ then & is SOT dense in & (Dir(Q)).

Proof. We may assume that & contains all multiplication operators by Theo-
rem 4.8. We first show that & is 2-fold transitive. Let U: D(U) — Dir(Q2) be
a closed densely defined linear transformation that commutes with % . Apply-
ing Lemma 7.2 with k =1, D =D(U), M =T (U), we conclude that U C M,
for some ¢ meromorphic in Q. We shall show that ¢ =c.

For each w in Q there exists k, in Dir(Q) such that f(w) = (f, k)
for all f in Dir(Q) where (-, -) is the inner product. If f € D(M,), then

M,f. k,) = (f, Wkw) So k, is in the domam of M , and M¢kw =
¢(w)kw Since UcM, M cU" and U* k, = ¢ k,, —¢(w)kw.

For A%, A'U" CUA and UAkw_AUkw-q&(w)Akw. The
algebra " = {4": A€ &} is transitive. Thus & "k, is dense in Dir(Q). The
adjoint operator U” is closed and densely defined. For g in Dir(Q) there
exist g; = A, k, € &* k, (i > 1) such that g, — g in Dir(Q). We observe
that

(8, U'g)=(g, U'Ak,) = (g, d(w)d k,) = (g,, d(w)g,),

which converges to (g, #(w)g). But U" has a closed graph, so U*g = o(w)g .
We conclude that ¢ is a constant.
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Next we show that & is k-fold transitive for kK > 3. Suppose U, ..., U,:
D — Dir(Q) are k linear transformations defined on a common domain
D C Dir(Q) and each U, commutes with & . We further assume that 9 =
{f,USf,..., Uf): feD} isclosed in Dir(Q)**".

By Lemma 7.2, there exist ¢, (1 <i < k) meromorphic in Q such that
T, C M, . We shall show that T, is closable. Let {f, } be a sequence in

SD(M¢I) , and S, g betwo functions in Dir(Q) satisfying (f , #,/,,) — (/. &)

in Dir(Q)**". Hence for each z in Q, g(z) = ¢,(z)f(z). Thatis g =
Md,lf. o
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